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1. PRELIMINARIES

1. Divisors We say q is a divisor of p if there exists an integer r such that p = qr. We write q|p.

2. If d|a1, a2, · · · , an, then d|b1a1 + b2a2 + · · ·+ bnan for any integers bk.

3. Primes A positive integer p is prime if the only positive divisors of p are 1 and p.

4. Fundamental Theorem of Arithmetic Every integer greater than 1 can be uniquely written in the form

pa11 p
a2
2 · · · pann

where pk are distinct primes and ak are positive integers.

5. GCD/LCM Let a and b be integers. The greatest common divisor of a and b is the greatest integer that
divides a and b, which we denote by gcd(a, b). The least common multiple of a and b is the smallest positive
integer that is multiple of a and b, which we denote by lcm(a, b).

6. Euclidean Algorithm gcd(a, b) = gcd(b, r) where a = qb+ r.

7. Bézout’s Lemma Given integers a and b, there exists integers p and q such that gcd(a, b) = pa+ qb.

2. PROBLEMS

1. Let x and y be integers. Prove that 2x+ 3y is divisible by 17 iff 9x+ 5y is divisible by 17.

2. Let a, b, c, d be integers. Show that if a− c|ab+ cd, then a− c|ad+ bc.

3. Find the largest positive integer n such that (n+ 1)(n4 + 2n) + 3(n3 + 57) is divisible by n2 + 2.

4. Show that if 6|a+ b+ c, then 6|a3 + b3 + c3.

5. Show that 121 - n2 + 3n+ 5.

6. Show that if p, p+ 2, and p+ 4 are primes, then p = 3.

7. Let n > 2 be a positive integer. Prove that if one of the numbers 2n − 1, 2n + 1 is prime, then the other is
composite.

8. Find the 4-digit square of the form aabb.

9. Determine all odd integers n for which (n− 1)! is not divisible by n2. (Soviet Union 1964)

10. Prove that the fraction 21n+4
14n+3 is irreducible for every positive integer n. (IMO 1959)

11. Show that gcd(2a − 1, 2b − 1) = 2gcd(a,b) − 1.

12. Prove that
gcd(a, b, c)2

gcd(a, b) gcd(b, c) gcd(c, a)
=

lcm(a, b, c)2

lcm(a, b)lcm(b, c)lcm(c, a)
.

(USAMO 1972)



3. MODULAR ARITHMATIC

1. Congruency For integers a, b, and n, we say that a is congruent to bmodulo n if n|a−b. We write a ≡ b(mod n).

2. Chinese Remainder Theorem If a1, a2, · · · , an are integers and m1,m2, · · · ,mn are pairwise relatively prime
positive integers, the system

x ≡ a1(mod m1)

x ≡ a2(mod m2)

...

x ≡ an(mod mn)

has an unique solution modulo m1m2 · · ·mn.

3. Fermat’s Little Theorem Let p be prime number. If a is not a multiple of p, then

ap−1 ≡ 1(mod p).

4. Euler’s Totient Function φ(n) is the number of positive integers less than n that are relatively prime to n.

5. φ(ab) = φ(a)φ(b) if gcd(a, b) = 1. φ(pk) = pk−1(p− 1) if p is prime.

6. Euler’s Theorem If gcd(a, n) = 1, then
aφ(n) ≡ 1(mod n).

7. Quadratic Residue An integer a is a quadratic residue modulo n if it is congruent to a square.

8. Primitive Root An integer g is a primitive root modulo n if a ≡ gk(mod n) has a solution for any a that is
relatively prime to n.

9. There exists a primitive root modulo n if n = 2, 4, pk, or 2pk where p is an odd prime.

4. PROBLEMS

1. Show that 7|3105 + 4105.

2. Show that for any positive integer n, 133|11n+2 + 122n+1.

3. How many positive integers n ≤ 10000 satisfy 7|2n − n2?

4. Prove that for each positive integer n there exist n consecutive positive integers, none of which is an integral
power of a prime. (IMO 1989)

5. Show that 7|22225555 + 55552222.

6. What is the last digit of 77
7

?

7. p is a prime not equal to 3. Prove that p - 111 · · · 1︸ ︷︷ ︸
p

.

8. Show that the equation 15x2 − 7y2 = 9 has no integer solutions.

9. Show that if the sides of a right triangle are all integers, then 3 divides the length of one of the sides.

10. Prove that if 9|a2 + b2 + c2, then 9|a2 − b2 or 9|b2 − c2 or 9|c2 − a2.



5. MORE PROBLEMS

1. Find all positive integers n for which
(n+ 1)|(n2 + 1).

2. There are seven integers such that the sum of any 6 of them is a multiple of 5. Prove that all 7 numbers are
multiple of 5.

3. Prove that the product of four consecutive integers is divisible by 24.

4. How many zeros are at the end of 2012!?

5. Calculate
gcd(111 · · · 1︸ ︷︷ ︸

100

, 111 · · · 1︸ ︷︷ ︸
60

).

6. The positive integers 15, 12 and n have the property that the product of any two of them is divisible by the
third. Determine the smallest possible value of n. (COMC 2009)

7. Determine the number of integers n that satisfy all three of the conditions below:

• each digit of n is either 1 or 0,

• n is divisible by 6, and

• 0 < n < 107.

(COMC 2006)

8. What is the last digit of 250?

9. If 7|(3x+ 2), prove that 7|(15x2 − 11x− 14).

10. Show that for any positive integer N , there exists a multiple of N that consists only of 1s and 0s.

11. Find all integers n ≥ 1 so that n3 − 1 is prime.

12. Show that the number consisting of sixes and zeros cannot be a square.

13. Prove that the product of four consecutive natural numbers is never a perfect square.

14. Show that there are infinitely many primes of the form 4n− 1.

15. Show that there are infinitely many primes of the form 4n+ 1.

16. Let a and b be positive integers such that a|b2, b2|a3, a3|b4, · · · . Prove that a = b.

17. p and p2 + 2 are primes. Show that p3 + 2 is also prime.

18. If 2n+ 1 and 3n+ 1 are squares, then 5n+ 3 is not a prime.

19. Show that the sequence an =
√

24n+ 1, n ∈ N, contains all primes greater than 3.

20. Integers a,b,c,d,e satisfy the following three properties:

(a) 2 ≤ a < b < c < d < e < 100

(b) gcd(a, e) = 1

(c) a, b, c, d, e form a geometric sequence

What is the value of c? (COMC 2011)

21. Show that among n+ 1 positive integers at most 2n, there are two integers p, q such that gcd(p, q) = 1.



22. Show that among n+ 1 positive integers at most 2n, there are two integers p, q such that p|q.

23. If y − 1, 2y − 2, and 7y + 1 are the first three terms of a geometric sequence, determine all possible values of
y. (COMC 2007)

24. Show that if n is a positive integer such that 2n + 1 is a square, then n + 1 is the sum of two consecutive
squares.

25. Prove that if n is an even natural number, then the number 13n + 6 is divisible by 7.

26. Let n be a positive even number. Prove that 323|20n + 16n − 3n − 1.

27. Does one of the first 108 + 1 Fibonacci numbers terminate with 4 zeros?

28. Let n be an odd integer. Show that 24|n3 − n.

29. Let p be a prime and a,b be integers. Prove that (a+ b)p ≡ ap + bp(mod p).

30. Show that 1001|3003000 − 1.

31. Find all primes p, q so that p2 − 2q2 = 1.

32. Determine all triples (a, b, c) of positive integers such that a! = 4(b!) + 10(c!). (COMC 2009)

33. Find all positive integer solutions to the equation

1

a
+

1

b
+

1

c
= 1.

34. x, y, z are distinct integers. Show that

5(x− y)(y − z)(z − x)|(x− y)5 + (y − z)5 + (z − x)5.

35. Let a, b, c denote three distinct integers, and let P denote a polynomial having all integral coefficients. Show
that it is impossible that P (a) = b, P (b) = c, and P (c) = a. (USAMO 1974)

36. Prove that for all positive integers n,

0 <

n∑
k=1

g(k)

k
− 2n

3
< 2/3

where g(k) denotes the greatest odd divisor of k. (Austria 1973)

37. Find all integer solutions of the equation

x2 + y2 + z2 = 2xyz.

38. (a) Show that −1 is not a quadratic residue in mod p if p is a prime of the form 4n− 1.

(b) Show that −1 is a quadratic residue in mod p if p is a prime of the form 4n+ 1.

(c) Let a be an integer such that a2 ≡ −1(mod p) for some prime p of the form 4n+ 1. Show that there exists
integers 0 ≤ x1, x2, y1, y2 <

√
p such that ax1 − y1 ≡ ax2 − y2(mod p).

(d) Let p be a prime of the form 4n+ 1. Prove that p can be written as a sum of two squares.

39. Whenever the positive integer k divides another positive integer k, it also divides the positive integer obtained
by writing the digits of n in reverse order. Prove that k is a divisor of 99. (Soviet Union 1967)

40. Find all integers n ≥ 1 so that n4 + 4n is prime.

41. Let p be an odd prime. Prove that

1k + 2k + · · ·+ (p− 1)k ≡ 0(mod p)

for all k, 0 ≤ k ≤ p− 2.


